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Abstract 

We generalize Poisson-Nijenhuis structures. We prove that on a 
manifold endowed with a Nijenhuis tensor and a Jacobi structure which 
are compatible, there is a hierarchy of pairwise compatible Jacobi 
structures. Furthermore, we study the homogeneous Poisson-Nijenhuis 
structures and their relations with Jacobi structures. 



1 Introduction 

Poisson-Nijenhuis manifolds, first introduced by Magri and Morosi in their 
paper [|M-M ] and further studied in [ K-M | , play a central role in the study of 



integrable systems. A Poisson-Nijenhuis structure on a manifold M is given 
by a pair (tt, J) formed by a Poisson tensor vr and a (l,l)-tensor field J 
whose Nijenhuis torsion vanishes, such that for any two differential 1-forms 
a, P, we have the following compatibility conditions: 

(C) ^(q, * J/3) = 7r(* Ja, /3) and C{tt, J){a, /3) = 0, 

where *J denotes the transpose of J and C{tt,J) is an R-bilinear, skew- 
symmetric operation on the space of differential 1-forms that we shall define 
below. 

In 0, the author defined the Poisson-Nijenhuis structures in the gen- 
eral algebraic framework of Gel'fand and Dorfman. Moreover, Y. Kosmann- 
Schwarzbach gave in a characterization of Poisson-Nijenhuis structures 
in terms of Lie algebroids. Another characterization is given in [B-M]. The 
particular case of a Poisson-Nijenhuis manifold having a non degenerate 
Poisson tensor (or symplectic-Nijenhuis manifold) is especially interesting, 
this case was studied by several authors for different purposes and under 
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various names (see e.g. Q). A natural question arises: what is the odd- 
dimensional analogue of a symplectic-Nijenhuis manifold? The main aim of 
the paper is to study this question. A contact manifold is known to be the 
analogue of a symplectic manifold for the odd-dimensional case. But a nat- 
ural framework for a unified study of both contact and symplectic manifolds 
is given by the Jacobi structures. A Jacobi structure on a manifold M is 
defined by a pair (A, E), where A is a bivector field, E is a vector field such 
that [E, A] = 0, and [A, A] = 2E A A. Jacobi structures were introduced by 
A. Lichnerowicz and studied by him and his collaborators [Q, [ D-L-M] ], | G-L| ] 
(see also 

In the theory of Hamiltonian systems an important mechanism allows to 
construct a hierarchy of pairwise compatible Poisson tensors starting from a 
Poisson-Nijenhuis structure. This brings us to the problem of finding a more 
general mechanism that would be operational for Jacobi structures. So, we 
shall need to extend the compatibility conditions (C) above to the case of 
Jacobi manifolds. Recently, Marrero, Monterde and Padron (see | M-M-P[| ) 
considered Jacobi-Nijenhuis structures and gave a possible solution to the 
above questions. Here, we present an approach that is slightly different from 
the one used in |M-M-P]. However, these approaches are not equivalent and 
we shall compare the two approaches in Section 3.2. 

The paper is organized as follows. In Section 2, we recall some definitions 
and basic results concerning Jacobi structures. 

In Section 3, we give necessary and sufficient conditions for a (l,l)-tensor 
field J and a Jacobi structure (A, E) to define, in a natural way, a new Jacobi 
structure which is compatible with {A,E) in the sense of ||N|. This section 



contains our main results which are Theorem 3.4 and Theorem 3.11 



Section 4 is devoted to the analysis of homogeneous Poisson structures, 
which are compatible with a (l,l)-tensor field J. Such structures are called 
homogeneous Poisson-Nijenhuis structures. It is well known that homoge- 
neous Poisson structures are related to Jacobi structures, their relations 
having already been established in [ D-L-M[| . We give sufficient conditions 
for the existence of a homogeneous Poisson-Nijenhuis structure on a man- 
ifold and deduce consequences for the existence and properties of Jacobi 
structures. 
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2 Preliminaries 



In this paper, all manifolds, multi-vector fields and forms are assumed to be 
differentiable of class C°°. 

2.1 Jacobi structures 

Definition 2.1 A Jacobi manifold (M, { , }) is a manifold M equipped 
with an M-bilinear, skew-symmetric map { , } : C°°(M, M) x C°°(M, R) 
C°°(M, M), called the Jacobi bracket, which satisfies the following properties: 

1) the Jacobi identity: 

{/, {g, h}} + {g, {h, /}} + {h, {/, g}} = 0, y f,g,he C^{M, R); 

2) the bracket is local (i.e. the support of {/, g} is a subset of the inter- 
section of the supports of / and g). 

Equivalently, a Jacobi structure can be defined by a pair (A, E) of a bivector 
field A and a vector field E such that 

[E, A] = and [A, A] = 2E A A, 
where [ , ] is the Schouten-Nijenhuis bracket on the space of multi-vector 



fields (see [Kz|). The Jacobi bracket is then given by 

{f,g} = A{df,dg) + {fdg-gdf,E). 

When E is zero, we obtain a Poisson structure. In other words, a Poisson 
structure on a manifold M is given by a bivector field A such that the 
Schouten-Nijenhuis bracket [A, A] vanishes. Then (M, A) is called a Poisson 
manifold. In Lichnerowicz showed that to any Jacobi structure (A, E') 
on a manifold M, one may associate a Poisson structure tt on M x M, defined 
by 

7r(a;,t) =e'*(A(x) + — Ae). 
Then, vr is called the Poissonization of {A,E). 

Notations. To any bivector field A on M, we may associate the skew- 
symmetric linear map denoted also by A : Q^(M) xi^) defined 
by: 
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(/3, Aa) = (a A /?, A) = A(a, 

where x(-^) is the space of vector fields and 17^ (M) is the space of differential 
1-forms on M. Conversely, a linear map A : Q^{M) xi^) defines a 
bivector field on M if and only if 

(a, A/3) + {(3,Aa) = 0. 



Example: locally conformal symplectic manifolds. Let M be a 2n- 

dimensional manifold. A locally conformal symplectic structure on M is 
given by a pair (F, uj), where F is a non-degenerate 2- form and u; is a 1-form 
such that 



duj = and dF + uj A F = 0. 
We define a bivector field A and a vector field E by: 

ieF = oj and lAaF = —a, Ma G Vl^^M). 

Then (A, E) defines a Jacobi structure. For any x € M, there exist a 
neighborhood Ux and a function / defined on Ux such that to = df and 
i7 = e-^ F is symplectic. 



2.2 The Lie algebroid of a Jacobi manifold 

It was proven in [Ke-SB] that there is a Lie algebroid associated with an 



arbitrary Jacobi manifold {M,A,E). We refer the reader to [Ma], for in- 
stance, for the basic properties of Lie algebroids. Consider the vector bundle 
T*M©M. The space r(T*M©M) of smooth sections may be identified with 
fl^{M) X C°°(M, M). The Lie algebroid associated with a Jacobi manifold 
(M, A, E) is r*M©M with the Lie bracket { , on r(r*M©M) defined 

by 

{(a, /), (/?, 9)}(A,E) = [LhaP - LAfsa - d{A{a, (3)) + JLeP - qLeol -lEiaAP), 

-A(a, /?) + A(a, dg) - A(/?, df) + fE{dg) - gE{df)) , 
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where d is the exterior derivative and Lx = dix + ixd is the Lie derivation 
by X, for any vector field X. The anchor is given by the map i^^j^^^ such 
that 

3 Jacobi and Nijenhuis structures 

3.1 Extension of the definition of compatibility to Jacobi 
structures 

Let J be a (1, l)-tensor field of M. The Nijenhuis torsion Nj of J with 
respect to the Lie bracket [., .] on the space xi^) of vector fields is defined 
by 

Nj{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] + .f[X, Y], V X, y E xiM). 

Definition 3.1 J is called a Nijenhuis tensor if its Nijenhuis torsion van- 
ishes. 

In particular, when J is a (l,l)-tensor field on M and A : n^{M) 
x(Af) is a linear map, then J o A defines a bivector field if and only if 
J o A = A o * J. In this case, the associated bivector field is denoted by J A. 

Furthermore, any bivector field A gives rise to a bracket defined on the 
differential 1-forms by 

{a,f3}A = LAaf3-LA^a-d{A{a,P)), ya,f3en\M), (1) 

where Lx is the Lie derivation by X, for any vector field X. 

Whenever J o A = A o * J, we denote by C(A, J) the M-bilinear map 
given by 

C(A, J)(q, f3) = {a, 13} jA - ({ Va, /3}a + {q, V/3}a - * J{a, /3}a) . 



Definition 3.2 (see [ K-A/^ j A Poisson-Nijenhuis structure on a manifold 



M is defined by a Poisson tensor tt and a Nijenhuis tensor J on M such 
that 
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(1) J O IT = IT O *J, 

(2) C{tt, J) = 0. 

In this case, we say that vr and J are compatible. 

An extension of this definition to Jacobi structures is given by: 

Definition 3.3 Let {M,A,E) be a Jacobi manifold and let J be a (1,1)- 

tensor field such that its Nijenhuis torsion Nj satisfies 

Nj{Aa, A/3) = and Nj{Aa, J^E) = 0, 

for all a, P £ 17^ (M) and for all k £ N. Then, J is said to be compatible 
with the Jacobi structure (A, E) if 

(i) JoA = Ao *J, 

(ii) { V7, A(^C(A, J)(a,/3)) - A{a,p)JE + A{a, ^J/3)E) = 0, for any 
a, 13, j£ QHM), 

(Hi) [J^E,A] + [E, J'^A] = 0, for any integer k>l. 

When E = (i.e. A defines a Poisson structure), the definition reduces 
to that of a weak Poisson-Nijenhuis structure (see |M-N|| ). The compatibihty 
conditions then reduce to (i) and (ii) and constitute a generahzation of the 
definition of a Poisson-Nijenhuis structure introduced in |M-M|. 

Theorem 3.4 Let {A,E) be a Jacobi structure on M. Assume that J is a 
(1, l)-tensor field such that J o A = A o * J, 

A^j(Aa,A/?) = and Nj{Aa,E)={) Va, /? G f^^(M), 

where Nj is the Nijenhuis torsion of J. Then {J A, JE) is a Jacobi structure 
on M if and only if the following properties are satisfied for all a, (3,^ € 
Oi(M) : 

(a) J{[JE, A]a + [E, JA]a) = 0, 

(b) ( *J7, A(^C(A, J)(a,/5)) - A{a, P)JE + A{a, ^Jf3)E)=0. 

In particular, if J is a Nijenhuis tensor compatible with {A,E), then 
{J A, JE) is a Jacobi structure on M . 
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The proof of Theorem 3.4 is based on the following three lemmas. 



Lemma 3.5 For any bivector field A, 

(7,A{a,/3}A) = (7,[Aa,A/3]) + i[A,A](a,/3,7), V a, /3, 7 G J^H^)- (2) 
This formula is proven for instance in [K-M]. 

Lemma 3.6 Consider a pair (A, E) of a bivector field A and a vector field 
E on M such that [A, A] = 2E A A. Then, for any C°°{M,M) -linear map J 
on xiM) satisfying J o A = A o * J, the following formula holds: 

i[JA,JA](a,/3,7) = (Ji?A JA)(a,/3,7) + (*J7, A(c(A,J)(a,/3))) 

+E{*Jj)A{a, *J/3) - J^(*J7)A(a,/3) 
-(7, Nj{Aa,Ap)). 



Proof: Lemma |3.5| yields 

^[JA, JA](a,/3,7) = (*J7, A{a,/3}jA) - (7, [JAa, JA/?]). 
A direct computation, using Relation (2) again, shows that 

^[JA,JA](a,/3,7) = ^(^[A,A](Va,/3, *J7) + [A,A](a, *J/3, *J7) 

-[A,A](a,/5, +(*J7,A(c(A,J)(a,/3))) 
-(7,iVj(Aa,A/3)). (3) 
Since [A, A] = 2E A A, we obtain: 

^[JA,JA]{a,(3,j) = (J^ A JA)(a,/3,7) +^(*J7)A(a, *J(3) - JE{^J-f) A{a, (3) 

+ (Jl. A(C(A, J)(a,/3))) - (7,iV^(Aa,A/3)). 

This is the formula that we sought. ■ 

Lemma 3.7 Let A be a bivector field and E a vector field on M . The 
following relation holds for any C°°{M,M) -linear map J on x{^)- 

[JE,JA]{a,P) = {p, Nj{E,Aa)) + {(3,J[JE,A]a + J[E,JA]a-J^[E,A]a). 
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Proof: For any bivector field A and for all a,/? € Q^{M), we have: 

[E, A]{a, (3) = LE{K{a, - K{LEa, /3) - A(a, LeP). 
This is equivalent to the relation 

[E,K]a = [E,ka]- KLEa, Va € J]^(M). (4) 
Using (4), we obtain for any a G Q}{M): 

[JE, JA]a = [JE, JAa] - JAL jEa 

= Nj{E, Aa) + J[JE, Aa] + J[E, JAa] - j'^[E, Aa] - JALjeo. 

Replacing Aa] by [£', A]q + AL^ja, we deduce that 

[JE, JA]a = Nj{E, Aa) + J{[JE, Aa] - ALjeq) 
+J{[E,JAa] - JALEa) - j'^[E,A]a 
= Nj{E, Aa) + J{[JE, A] + [E, J A] - J[E, A])a. 



Proof of Theorem 3^: Lemma 3/7 ensures that [JE, J A] = is equivalent 
to (a), while Lemma asserts that [J A, J A] = 2JE A J A if and only if 
property (b) is satisfied. Therefore, the theorem is proved. ■ 



Now, let us express Properties (a) and (b) of Theorem 3.4 using the Lie 
algebroid bracket associated with the Jacobi structure. 

Proposition 3.8 Let (A, E) be a Jacobi structure on M and let J be a 

(1, l)-tensor field such that 

JoA = Ao*J and Nj{Aa+fE,Al5+gE)={), Va, /3 G 0^(M), V/, 5 E C°°(M, 
Then, 



(a) is satisfied [JAa + fJE, gJE] = [^{{a, f), (0, g)}(jAjE) 

(6) is satisfied ^ [JAa, JA/3] = ({{a, 0), 0)}(^ja,je) 
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Proof: On one hand, 

[JAa + fJE, gJE] = g[JAa, JE] + ( JA(a, dg) + {fdg - gdf, JE))JE. 
On the other hand, 



#(jA,jB){("'/)'(0'5)}(jA,ji?) = -gJALjEa+{JA{a,dg)+{fdg-gdf, JE))JE. 



[JAa + fJE,gJE]-#^j^^j^^{{a,f),{0,g)}^j^jE) = g{[J Aa, JE] + J ALjeo) 

= g[JA, JE]a. 



Hence we obtain the first equivalence. In the same way, we prove the second 



3.2 Hierarchy of Jacobi structures 

A manifold M is said to be a bihamiltonian manifold if M is endowed with 
two Poisson tensors vri and tt2 such that vri — Xtt2 is a Poisson tensor for any 
A G M. Then vri — ^"^2 is called a Poisson pencil. By analogy, if {., .}^ and 
{., .jj are two Jacobi structures such that {., .}^ = {., .}^ — A{., .jj defines 
a Jacobi structure for any A in R, then {■, ■}x will be called a Jacobi pencil. 
In this case, the two Jacobi structures are said to be compatible (see [N]). 

Proposition 3.9 Let (Ai,i?i) and (A2,£'2) two Jacobi structures on M. 
Denote by vrj = e~*(Aj + d/dt A Ei), with i = 1,2, the associated Poisson 
tensors on M x M. Then the following assertions are equivalent: 

(1) (Ai,i?i) and {A2,E2) define a Jacobi pencil on M. 

(2) [^1, Aa] + [^2, Ai] = and [Ai, As] = A Aa + ^2 A Ai. 

(3) The pair (vri,7r2) defines a Poisson pencil on M xM.. 

The proof of this proposition is straightforward and can be found in [N]. 



We deduce that 



But Lemma 3.7 asserts that 




equivalence using Lemma p.6| . 
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Remark 3.10 Consider the following relation: 



(a') [JE, A] + [E, J A] = 



Under the hypotheses of Theorem if ( JA, JE) is a Jacobi structure 



compatible with (A, E), then it follows from the proposition above and The- 
orem that (a'), as well as (6) are satisfied. 

On the other hand, if (a') and {b) are satisfied then Theorem ensures 
that ( JA, JE) is a Jacobi structure on M. But, ( JA, JE) may not be 
compatible with (A, E). They define a Jacobi pencil if and only if [JA, A] = 
J^ A A + A JA. 

Theorem 3.11 For any Jacobi structure (A, E) compatible with a Nijenhuis 
tensor J on M and for each A; S N*, the pair ( J'^A, J^'E) is a Jacobi structure 
on M. Furthermore for ki, k2 G N*, {j''^A,J^^E) and {j''^ A, j''^ E) define 
a Jacobi pencil. 

This theorem is a generalization of a result proved in [M-M] and [K-M]. 
Lemma 3.12 Let J be a (1,1) -tensor field. Then, we have: 
Njk+iiX,Y) = Njk{JX, JY) + J^[Nj{.J^X,Y) + Nj{X, J^Y)\ 

-j^(nj,-,{jx,jy)-Nj,{x,y)), vx,y g x{m). 

The proof of this lemma is straightforward. 



Proof of Theorem assume that [J*^A, J*^A] = 2J^£^A J*^A, for any I <k. 



It follows from Lemma |3.6| that 

^[J'^+U, J^+U](a, /3, 7) = {J^+^E A J^+^A){a, (3, 7) + (* J7, J^AC{J^A, J){a, /3)) 

+J^E{^J-l)J^A{a, ^Jp) - J'=+i^(*J7)J'=A(a,/3), 

for all for all a, j3, 7 in Q^{M). We shall prove that 

J''AC{J''A, J){a, 13) + j'=A(a, ^J(3)J^E - j''A{a, P)J^+^E = 0, 

for any fc > 1. In fact, for any bivector field A and for any linear map J on 
x(M) such that J o A = A o * J, the following relation holds (see [M-M]): 

(C( JA, J)(a, X) = (C(A, J)(* Ja, /?), X) + (a, iVj(A/3, X)). (5) 
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For any vector field X of tlie form A7, we liave 

(C(JA,J)(a,/3), A7) = (C(A,J)(*Ja,/3), A7) 

Thus, 

A C( JA, J)(a, /3) = A C(A, J)(* Ja, 
for all a, /3 in r2-'^(M). Hence, we obtain by induction that for any A; > 1, 

J'^A C( J^A, J)(a, /3) = J'^A C7(A, J)(* j'^a, (6) 
Since J is compatible with (A, E), we have 

JA C(A, J)(a, /3) = j(^A(a, /?) - A(a, ^Jf3)E^ . (7) 
We deduce that 

J^KC{J^k,J){a,P) = j''AC{A,J)Cj^a,(3) 

= j'=(A(*j'=a,/3)JS- A(*jV 

= j''A{a,(3)J^+^E- j''A{a, ^Jp)J^E, 

for any k > I. So, we obtain the relation that we sought. The latter implies 
that 

[J^A, J^A] = 2J^E A J^A, for any k>l. 
Moreover, replacing J by in Lemma p.7| , we obtain, since [E, A] = 0, 

[J^E,J^A]{a,l3) = ip, Njk{E,Aa)) + ( ^j''p,[j''E,A]a + [E,J^A]a). 

From Lemma |3.12| , we obtain by induction that Njk {E, Aa) vanishes for all 
k > 1. Therefore, 

[J''E, J^A] = 0, for all A: > L 

Thus, {J^A, J^E) defines a Jacobi structure for any A; > 1. 

Now, take two different pairs {j''^ A, j''^ E) and {j'^^ A, j'^^ E) . We shah 
prove that they determine a Jacobi pencil. For any A € M, we have to prove 
that 

[J^^A - XJ'^^A, J^^A - XJ^-'A] = 2{J'''E - XJ'^^E) A (J^^A - XJ^^A). 
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We already know that 

[Jk^ Jk^ ^ ^ 2J^' E ^ J^' k, Vi = l,2. 

Now we prove that 

[j'^iA, 7^=2 A] = J^^E A J^-'K + J^-'E A J^^K. 

Assume that ki = k2 + t-, then we apply i times the result saying that, for 
arbitrary bivector fields A and vr on M, for any linear map J on x(M) the 
following formula holds (see [M-M]): 



[JA,7r](a,/5,7) = [A, 7r](a, /3, * J7) + (C(7r, J)(a, 7), A/3) 

-(C(^,J)(/3,7), Aa)-(C(A,J)(a,/3), ^7). (8) 

We apply this last relation and we calculate by recursion the I quantities 
[jfc2+^^^ jfca^j^ _ jjfe2+iA^ jfe2A]. It follows that: 



r=l 



^(C(J^2A, J)(/3, *J"-S), J^^-'Aa) 

r=l 
I 

^(C7(J^i-''A, J)(a,/3), J^2+r-i^^^ 



r=l 



Using (I), (0) and the fact that [J^^K, J^^K] = 2J^^E A J^^A, we obtain 
after computations: 

[J^^A, J^'^A] = J^^E A J^^A + J'^^^ A J^^A. 
The last step is to show that: 

[J^'^E - XJ^^E, J^^A - XJ^^A] = 0. 

This is equivalent to showing that [J^^E,J^-^A] + [J^^E.J^^A] = 0. By 
hypothesis this relation is true when /c2 = 1 and using Lemma we can 
easily show by induction that this formula holds for any ki and k2. ■ 
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Example. Let a; be a closed 1-form and let Fi, F2 be two non-degenerate 
2-forms on M. Assume that {Fi,uj) and {F2,lu) are locally conformal sym- 
plectic structures on Af . Let (Aj, Ei) denote the Jacobi structures associated 
with (Fi,Lo), where i = 1,2. Assume that these two Jacobi structures are 
compatible. Define the isomorphism of C°°(M, M)-modules bj : xi^) 
n^{M) by 

bi{X) = -ixFi. 

We have 

Ei = -bri(u;) and A^a = b-^(a), Va € 0^(M). 

Then, the (1, l)-tensor field J = b^^obi is compatible with {Ai,Ei). Indeed, 
for any x G M, there exist a neighborhood Ux and a function / defined on 
Ux such that 00 = df . The 2-forms Qi = Fi and O2 = F2 are symplectic 
and the Poisson tensors associated with are respectively tti = Ai, 

1T2 = h.2. 

We claim that the Jacobi structures (Ai, Ei) and (A2, E2) are compatible 
if and only if vri and 7r2 are compatible. Let us prove this claim. Using the 
properties of the Schouten-Nijenhuis bracket, we get 

[tti, TTs] = ([Ai, A2] - [Ai, /] A A2 - [A2, /] A Ai) . 
Since E^ = [Aj , /] = — Aj (d/) , we have 

[tti, TTa] = e-2/([Ai, A2] - A A2 - £^2 A Ai). 

Therefore, [tti , 7r2] = if and only if [Ai , A2] = E'l A A2 + £'2 A Ai . Moreover, 
we may remark that the Jacobi identity for the Schouten-Nijenhuis bracket 
yields 

[[7ri,7r2],e-^] = -[[7r2, e-''], tti] - [[e-^, tti], 7r2] 

= -[[A2,/],e-/Ai]-[[/,Ai],e-/A2]. 

The fact that E^ = [Aj,/] implies 

[[vTi , 7r2] , ef] = -e-f{[E2 , Ai] + [£i , A2] ) . 

Thus, (Aj, _E'j)j=i,2 form a Jacobi pencil if and only if the tensors ('7rj)j=i,2 
define a Poisson pencil. So, we may deduce that the Nijenhuis torsion of J 
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vanishes. Furthermore, the sequence (J^tti) consists of pairwise compatible 
Poisson tensors, while {J^ Ki, j'^ Ei) is a sequence of pairwise compatible 
Jacobi structures. 

3.3 Compatibility conditions and Jacobi-Nijenhuis structures 

In this section, we shall study the differences between a Jacobi-Nijenhuis 
structure and a structure which satisfies the axioms of Definition K^. We 



now recall the definition of a Jacobi-Nijenhuis structure given in [M-M-P]. 
For any bivector field A and for any vector field we may define a map 
: Q\M) X C-(M,M) ^ x{M) x C-(M,M) by 

#^^^^^{a,g) = {Aa + gE,-iEa), yaGQ^M), ygeC°°{M,R). 

Consider the Lie bracket [., defined on xiM) x C°°{M,R) by: 

[{XiJi), {X2J2)]. = {[Xi,X2],ixA2-ixM. 

Let J : x{M) x C~(M,R) ^ x{M) x C°°(M,M) be a C~(M, M)-linear 
map. The Nijenhuis torsion of is defined as follows: 



iV^^(Xl,/i), (X2,/2)j =[J{Xufl), J{X2,f2)l-J[J{Xi,h),iX2j2)l 

-J[{Xi,h), J{X2,f2)l + J^[{Xl,fl), {X2,f2)l. 

Then J is said to be a recursion operator of a Jacobi structure (A, E) 
(see HM-M-PH ) if 



[#(A,E) ("1 ' , #(A,i5) ("2, 

for any (oi^gi) G n^{M) x C~(M,E), i = 1,2. 

Definition 3.13 ^M^M^ Let J : x(M)xC~(M,R) ^ xWxC°°(M,M) 
6e a C°°(M, M)-/mear map, and let {A,E) be a Jacobi structure on M. The 
triple (A, E, J') is said to be a Jacobi-Nijenhuis structure on M if J is a 
recursion operator of {A,E), if J'°#^j^e) ~ "^{ae) ° *^ """^ if {Ai,Ei) is a 
Jacobi structure compatible with {A,E), where Ai and Ei are characterized 
by 
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In fact, a C°°(Af, M)-linear map J from x(M) x C°°(M,M) into itself is 
equivalent to determining a quadruplet ( J, Xq, 9^0)) where J is a (1,1)- 
tensor field on M, Xq is a vector field, ao is a differential 1-form and (/Jq is 
a smooth function such that 

J{X, f) = {JX + fXo, ixao + f^o). 

We set J = (J, Xo, ao, fo), the transpose * J" of J is defined by 

^J{l3,g) = ( ^Jl3 + gao, 1x^13 + g^Po), 
for any G 17^ (M) x C°°(M,M). For any Jacobi structure (A,^), 



{A,E) 



# 



(A.B) 



lEao = 

JAa - A*Ja = (i£;a)Xo + {ixoa)E, Va G ri^(M) 



From now on, we shall assume that iECto = 0. 

We can now compare Jacobi-Nijenhuis structures with structures defined 
by a (1, l)-tensor field J and a Jacobi structure which are compatible in the 



sense of Definition 3.3 



We start with the simple example where A = (i.e. the Jacobi structure 
is just a non-zero vector field on M), then for any (1, l)-tensor field J, 
the properties (i), (ii) and (in) of Definition 3^ are satisfied. Taking into 
account the above equivalence, we deduce that a recursion operator J = 
{J, Xq, uq, ifo) of {0,E) defines a Jacobi-Nijenhuis structure on M if and 
only if JE = foE and Xq vanishes on the support of E. In other words, 
any (1, l)-tensor field J is compatible with (0, E) but for a recursion operator 
J = (J, Xq, ao, 950)1 the pair {E, J') is a Jacobi-Nijenhuis structure on M if 
and only if the following conditions are fulfilled: 



JE = <poE and Xq = on supp(-E). 

We now move on to the general case. Let J' = {J, Xq, uq, ipo) be a 
recursion operator of a Jacobi structure {A,E), where A is not identically 
zero on M. There are two alternatives: 

First case: Xq = on the support of E. We shall show that in such a case, 
(A, E, J') is a Jacobi-Nijenhuis structure if and only if JE = Aao + ipqE and 



J fulfills the axioms (i), (ii) and (iii) of Definition 3.3 
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Assume that (A, E, J) is a Jacob i-Nijenhuis structure. By hypothesis, 
we have (i) and the equahty JE = Aao + '■PqE. Moreover, for every integer 
A; > 1, the equation 

has a unique solution that is {Ak,Ek) = {J'^ E). A result proven 
in [ M-M-P ] shows that if (A,E,J') is a Jacob i-Nijenhuis structure then for 
any integer k > 1, the pair [J^A, J^E) is a Jacobi-Nijenhuis structure that 
is compatible with {A,E). So, we obtain in particular {in). Furthermore, 
setting 

V = {x G M\E{x) = in a neighborhood of x}, 

it follows from the fact that J7 is a recursion operator that the Nijenhuis 
torsion Nj of J satisfies the following equation on supp(i?) U V: 



NjiAa + fE,Ap + gE)=0. (9) 

Since supp(£') U V is a dense subset of M, by an argument of continuity, 
Equation ( |9|) is valid on the whole manifold M. Furthermore, JE = Aao + 
ifoE implies that J^E is also of the form Aa + tpE, for all k > 1. So, 

A^j(Aa, J'^E) = 0, Va e n^{M). 



Applying Theorem |3.4| , we obtain (ii). This shows that J belongs to the 
particular class of structures satisfying Definition 3.3 and JE = Aao + ^qE. 
Conversely, assume that the relations JE = Aao + foE, (i), (ii) and 



{in) are satisfied on M. Then using Theorem 3.11 and Definition |3.13| , we 
deduce that (A, E, J) is a Jacobi-Nijenhuis structure. 



Second case: if Xq is not identically zero on the support of E, then J o A — 
A o* J ^ 0. However, (A, E, J) may be a Jacobi-Nijenhuis structure. 

We summarize our discussion in the following proposition: 

Proposition 3.14 Let {M,A^E) he a Jacobi manifold and let J be a (1,1)- 
tensor field on M such that J o A = A o *J. Assume that there exist 
a vector field Xq, a 1-form ao and a smooth function ipo such that J = 
(J, Xq, ao, ^o) is a recursion operator of (A, E). Then (A, E, J') is a Jacobi- 
Nijenhuis structure if and only if the following conditions are satisfied: 

(Ci) JE = Aao + ifoE, 
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(C2) [J'^E, A] + [E, J*=A] = 0, for any integer k>l, 

(C3) ( *J7, a(c(A, J)(a,/3)) - k{a,l5)JE + K{a, ^JI3)E) = 0, for 

any a, P, e n^{M). 

4 Nijenhuis tensors and homogeneous Poisson struc- 
tures 

Definition 4.1 A homogeneous Poisson manifold (M, vr, Z) is a Poisson 
manifold (M, vr) with a vector field Z over M such that 

[Z, vr] = -TT. 

Theorem 4.2 Assume that (M, vr, Z) is a homogeneous Poisson manifold. 
Let J be Nijenhuis tensor compatible with it. Then (M, Jvr, Z) is a homoge- 
neous Poisson manifold if and only if the following property is satisfied: 

vr o (Lz o * J J o Lz) = 0, (10) 

where Lz = izd + diz is the Lie derivation by Z . When this property holds, 
Jvr — Avr defines a Poisson pencil which is homogeneous with respect to Z . 



Proof: Taking into account Theorem |3.11 , we have only to prove that 



[Z, Jvr] = — Jvr. Let us compute [Z, Jvr]. We obtain 



[Z,j7r]{df,dg) = Lz{J7T{df,dg)) - J'n:{Lzdf,dg) - jTT{df, Lzdg) 

= LziTT^Jdf, dg)) - irCjLzdf, dg) - irCjdf, Lzdg) 

Since 

Lz{7TCJdf,dg)) = [Z,TT]Cjdf,dg)+TT{Lz ' Jdf ,dg) + t^C Jdf ,Lzdg), 
we obtain 

[Z, Jvr](d/, dg) = [Z, vr](* Jdf, dg) + vr(Lz * Jd/, dg) - MLzdf, dg) 

= -irCjdf, dg) + vr(Lz 'Jdf, dg) - MLzdf, dg) 

Hence, the relation [Z, Jvr] = — Jvr is equivalent to the following one: 
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TT o Lz o * J = vr o *JoLz- 
This proves the theorem. ■ 

Definition 4.3 A homogeneous Poisson manifold (M, tt, Z) equipped with 
a Nijenhuis tensor J which is compatible with vr and satisfies equation {\ldi) 
is said to be a homogeneous Poisson-Nijenhuis manifold. 



Corollary 4.4 Let (M, vr, J) be a Poisson-Nijenhuis manifold. If vr is ho- 
mogeneous with respect to a vector field Z and if the following property holds 

[Z,JX] = J[Z,X], VXGx(M), (11) 

then the triple (M, vr, J) is a homogeneous Poisson-Nijenhuis manifold with 
respect to Z. 

Proof: We obtain this corollary using the above theorem and the fact that 
[Z,JX] = J[Z,X], yXex{M)^ Lzo^J=JoLz. 



Definition 4.5 A map ip : (Mi, Ai, Ei) {M2, A2, E2) between two Jacobi 
manifolds is said to be a conformal Jacobi morphism if there exists a function 
a G C°°{M\,M.) which vanishes nowhere such that for any f,g(z C°°(M2,M) 
we have: 

{a(/ 0-0), 0(5 0-0)}! = a{{f,g}2 0il;), 

where the brackets { , }i and { , }2 are the .Jacobi brackets associated with 
(Ai,i?i) and (A2,£'2) respectively. 

Homogeneous Poisson manifolds are closely related to Jacobi manifolds 
and their relations were established in [D-L-M]. In terms of Poisson pencils, 
we have the following results. 

Proposition 4.6 Let {., .}^ be a Jacobi pencil on M . There exists a Pois- 
son pencil on M xM such that the projection P : M xM ^ M is a conformal 
Jacobi morphism, for each A. 
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Proof: If {Ai,Ei) denotes the Jacobi structure on M associated to {.,.}- , with 
i = 1,2, then according to Proposition the Poisson pencil on M x M is 
given by vri — A7r2 where 

/ d 
TT,{x,t) = e-^I^Ai{x) + — AEi 

One may easily verify that P : (M x M, tta) — > (M, {.,.}^) is a conformal 
Jacobi morphism. ■ 
Conversely, we may prove that homogeneous Poisson pencils give Jacobi 



pencils by using a proof from [D-L-M]. More precisely, we have: 



Proposition 4.7 Let ttx be a homogeneous Poisson pencil on M with re- 
spect to the vector field Z, and let N be a sub-manifold of M of codimension 
1 which is transverse to Z . Then there exists a Jacobi pencil on N such that 
for any pair of functions {f,g) defined on an open set U of M , satisfying 
< Z, df >= f and < Z, dg >= g, we have 



{/|ivn[/'5|ivnc/}A = ^\{df,dg)\ 



Nnu ■ 



Corollary 4.8 Let {M, A, E) be a Jacobi manifold and let J be a Nijenhuis 
tensor on M, which is compatible with {A,E). Then there exists a sequence 
of Poisson- Nijenhuis structures (vr^) on M x M such that the projection 
Pk : (M X M, TT/s) {M,A,E) is a conformal Jacobi morphism, for each 
k>l. 

Conversely, if (M, vr, J) is a homogeneous Poisson-Nijenhuis manifold 
with respect to the vector field Z and if N is a sub-manifold of M of codi- 
mension 1, which is transverse to Z , then there exists a sequence of pairwise 
compatible Jacobi structures on N determined by tt, Z and J. 



This corollary is a direct consequence of Theorem 3.11 and Propositions 4.6 



and 4.7 



Acknowledgments. I express my gratitude to the Abdus Salam Interna- 
tional Centre for Theoretical Physics for its support. I wish to thank R. 
Brouzet, J. -P. Dufour and A. Kuku for helpful discussions. Thanks are due 
also to C.-M. Marie for pointing out Ref. |M-M-P| j, J. Monterde and J. M. 



Nunes da Costa for providing me with Ref. [M-M-P] and Ref. Q, respeo 



tively. I am indebted to the referee for useful comments which enabled me 
to bring this paper to its present form. 



19 



J.-V. Beltran, J. Monterde, The Poisson-Nijenhuis structures 
and the Vinogradov bracket, Ann. Global Anal. Geom. 12 
(1994), no. 1, 65-78. 

P. Casati, F. Magri, M. Pedroni, Bihamiltonian manifolds 
and Sato's equations, Integrable Systems, The Verdier Memo- 
rial Conference. Actes du Colloque International de Luminy, 
Progress in Math. 115, Birkhauser Boston, 1993, 251-272. 

P. Dazord, A. Lichnerowicz, C-M. Marie, Structures locales des 
varietes de Jacobi, J. Math, pures et appl. 70 (1991), 101-152. 

I. Ya. Dorfman, The Krichever-Novikov equation and local sym- 
plectic structures, Soviet Math. Dokl. 38 (1989), no 2, 340-343. 

F. Guedira, A. Lichnerowicz, Geometric des algebres de Lie 
locales de Kirillov, J. Math, pures et appl. 63 (1984), 407-484. 

Y. Kerbrat, Z. Souici-Benhammadi, Varietes de Jacobi et 
groupoi'des de contact, C. R. Acad. Sci. Paris Serie I Math. 317 
(1993), no 1, 81-86. 

A. Kirillov, Local Lie algebras, Russian Math. Surveys 31 
(1976), no 4, 57-76. 

Y. Kosmann-Schwarzbach, F. Magri, Poisson-Nijenhuis struc- 
tures, Ann. Inst. H. Poincare Phys. Theor. 53 (1990), no 1, 
35-81. 

Y. Kosmann-Schwarzbach, The Lie bialgebroid of a Poisson- 
Nijenhuis manifold, Lett, in Math. Phys. 38 (1996), 421-428. 

J. L. Koszul, Crochet de Schouten-Nijenhuis et cohomologie, 
Asterisque numero hors serie "Elie Cartan et les mathematiques 
d'aujourd'hui" (1985), 257-271. 

A. Lichnerowicz, Les varietes de Jacobi et leurs algebres de Lie 
associees, J. Math, pures et appl. 57 (1978) 453-488. 



20 



[Ma] K. Mackenzie, Lie groupoids and Lie algebroids in differential 

geometry, London Mathematical Society Lecture Notes Series, 
124, Cambridge University Press, 1987. 

[M-M] F. Magri, C. Morosi, A geometrical characterization of in- 

tegrable hamiltonian systems through the theory of Poisson- 
Nijenhuis manifolds, Quaderno S 19 (1984), University of Mi- 
lan. 

[M-N] C.-M. Marie and J.-M. Nunez da Costa, Reduction of bi- 

Hamiltonian manifolds and recursion operators, Diff. Geom. 
and Appl., Masaryk Univ., Brno, 1996, 523-538. 

[M-M-P] J. C. Marrcro, J. Monterdc and E. Padron, Jacobi-Nijenhuis 
manifolds and compatible Jacobi structures, C. R. Acad. Sci. 
Paris Serie I Math. 329 (1999), no 9, 797-802. 

[N] J. M. Nunes da Costa, Compatible Jacobi manifolds: geometry, 

reduction, J. Phys. A 31 (1998), no 3, 1025-1033. 

[St] P. Stefan, Accessibility and foliations with singularities, Bull. 

Amer. Math. Soc. 80 (1974), 1142-1145. 

[Su] H. J. Sussmann, Orbits of families of vector fields and inte- 

grability of distributions. Trans. Amer. Math. Soc. 180 (1973), 
171-188. 

[V] I. Vaisman, A lecture on Poisson-Nijenhuis structures, In- 

tegrable Systems and Foliations, Progress in Math. 145, 
Birkhauser Boston, 1997, 169-184. 



Current address: 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH CAROLINA, 
CHAPEL HILL, NC 27599-3250. 
E-mail: aissaw@math.unc.edu 



21 



